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The Mixing of Granular Solids in a Rotary 
Cylinder 

JACOB MU 
and 
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A model is derived for solids mixing and material transport in a contin- 
uous flow rotary dryer or reactor. Detailed analysis of the particle motions 
in the turnover process provides an opportunity to apply well-known reac- 
tor models to several subregions and to relate the overall results to different 
design geometries and operating conditions. The essential parameters of 
thepodel are the number of stages, the volume fractions of mixed flow and 
plug flow in each stage, the recycle ratio and the bypass ratio. 

SCOPE 
A new model is derived to describe in detail the particle 

movement patterns in various regions of a rotating cy- 
linder such as find use as reactors, mixers and dryers. The 
solid feed rate, the speed of rotation and the effects of bed 

depth and cylinder geometry are included and accounted 
for. Tracer residence time distribution measurements and 
other bench scale experiments are suggested to estimate 
the parameters of the model. 

CONCLUSIONS AND SIGNIFICANCE 
A new model based on combinations of flow regimes 

in several subregions describes the isothermal mixing 
and the residence time distribution in a rotating cylinder. 
Comparisons are made with prior reports in the literature 
to emphasize the improvements expected and to demon- 
strate that the new model is applicable to a wide range of 

experimental conditions. This detailed phenomenolo- 
gical approach to the description of the mixing and bran- 
sport processes uses sufficient details of the particle mo- 
tions in each turnover step to be useful for the design of 
mixers, dryers and/or chemical reactors. Inclusion of ap- 
propriate thermal effects will be imnortant. accordine to _ _  

~1-1541-80376E0915$~.95, @ The American Institute of Chemieal Engineers, thepurpose; this new extended to th’se 
1880. applications. 
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Figure 1. Geometry of rotary reactor cross section showing gas-solid 
interface and subregions within the solid bed. 
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Figure 2. Block diagram for a single stage showing concentrations and 
flow quantities. 

Rotary cylinder devices are used to handle large 
throughputs in physical processes for drying (Friedman 
and Marshall, 1949), size reductions (Davis, 1919; Erick- 
son, 1953), agglomeration, mixing (Williams and Rahman, 
1971), heating, cooling and solvent recovery, as well as for 
gas-solid chemical reaction and solid thermal decomposi- 
tion (Wachters and Kramers, 1966; Szuniewicz and Mani- 
tius, 1974). Such devices are the geometry of preference 
when large throughput, surface renewal, charge mixing 
and controlled solid residence time are called for. The 
mixing operation of a rotary drum is favored by dispersion 
of solids both radially and longitudinally, but this effect 
should be minimized if the c-bjective is to ensure a suffi- 
ciently homogeneous product. Further, the axial disper- 
sion should be reduced to enhance thermal efficiency and 
obtain a uniform product from a rotary dryer or chemical 
reactor. It is therefore important in the design to be able 
to estimate the residence time distribution under various 
operating conditions. 

The modeling of longitudinal dispersion for flow 
through tubular vessels was pioneered by Danckwerts 
(1953) and developed in many subsequent studies. Fan 
and Ahn (1961) used a similar unidirectional diffusion 
model to predict the dispersion and residence time distri- 
bution of solid material in a continuous rotary cylinder. 
Rutgers (1965) agreed that this model was adequate when 
uniform radial mixing was present and provided qualita- 
tive results for the effects of dimensions and speed of 
rotation on the dispersion. Abouzeid et al. (1974) adopted 
the same axial dispersion model to demonstrate its appli- 
cability but noted three explicit assumptions: material 
holdup is independ of axial position (axial velocity is 
constant), the radial mixing is large enough to smooth the 
concentration at any cross section and the dispersion coef- 
ficient is constant for fixed operating conditions. Wes et 
al. (1976) used the same approach and justified the axial 

dispersion model by noting the large Peclet number in 
their experimental system. 

Although the axial dispersion model often provides an 
adequate description of particulate transport, it fails to 
account for changing axial velocity or changes in disper- 
sion coefficient with position. Furthermore, there is rea- 
son to doubt that the radial mixing is necessarily much 
greater than that in the longitudinal direction. Above all, 
there is a need to carefully analyze each part of the turn- 
over process to account for the details of mixing. 

MODEL DEVELOPMENT 

Following Rutgers (1965), the motions of particles in a 
rotary cylinder can be visualized as delineating two re- 
gions, as shown in Pigure 1. The particles near the wall 
are carried in a direction opposite to the cascading layer, 
and there is no relative motion among them. When the 
particles reach the upper boundary of this region, they 
cascade down and mix with others. When rolling particles 
meet the wall, they move at random either downstream or 
upstream, producing a backmixing phenomenon that has 
been experimentally demonstrated. The particle move- 
ment associated with one complete turnover of the reactor 
can thus be described as following a plug flow pattern to 
the boundary of the cascade region, from where the parti- 
cles assume a well-mixed flow with bypass. These beha- 
viors are all combined in the block diagram of Figure 2, 
including recycle effects, but applicable at a selected 
cross section of the reactor. 

Residence Time Distribution 

2, the transfer function for the plug flow region is 
If we adopt the block diagram notation shown in Figure 

where 

T1 = M  [El 
V l + Q  

The transfer function for the well-mixed cascade is 

where 

(3) 

(4) 

The ratio of output to input concentrations for the entire 
cross section may be expressed as 

where 

If one assumes that the ratio P is the same through the 
cylinder, an N vessel series model can be applied to 
obtain 
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A polynomial expansion formula can be used to reduce 
Equation (7) to 

Figure 3. Geometry of rotary reoctor length. 

The Number of Turnover Stages 

The number of equivalent stages in a rotating cylinder 
is the ratio of the overall average residence time to the 
time required for a single bed turnover: 

where 

(N + m  - 1) !Nm+' Q" 
(N-k)!k!m! [ ( l + Q ) N + J  

B(m,k) = 

[ (9) 

The response to specified inputs may be considered. If 
the forcing function is a step of size Co Because the solids level varies from inlet to exit, inte- 

grated averages are called for: 

then the inverse Laplace transformation of C&) gives the 
dynamic response 

At each axial position, Q is the sector angle occupied with 
solid material andfis the fraction of cylinder cross section 
that is filled. The geometry of Figure 1 gives this fraction 
as 

If an impulse input of magnitude C,, is used 
Combining Equations (17) and (19), we get 

m N  

sin$)d(:) 

and the inverse time function gives the overall residence 
time distribution for the reactor as and substituting Equations (18) and (20) into (16), we get 

a basis for comparison with experimental measurements: 

It should be noted in connection with the discussion of 
residence time distribution that the time of first break- 
through in such an experiment has particular significance 
since it is 

to = T ~ N  f 14) 

However, detailed arguments are needed to relate Q to 
the geometry and operating parameters of the reactor. 
These are presented in the next section. 

Solid Fill Levels 

Saeman (1951) first derived the relationship between 
the mass flow in a rotating cylinder and the several signi- 
ficant angles illustrated in Figure 3. If attention is con- 
fined only to horizontal cylinders, p = 0 and the mass flow 
can be written in rigorous form as 

(22) 
(2f3)wR3 cote sin3 ($f2) tan4 M =  di + cos2e,z 

the sum of all the dead time contributions in N stages. 
Combining this observation with Equation (2) gives 

The parameters N (number of stages) and P (volume frac- 
tion of the cascade) are independently evaluated in the 
sections that follow. The value of Q (recycle ratio) can 
then be evaluated from Equation (15). This leaves only 
the bypass parameter a to be found by a best fit to the 
result of an experimental tracer study. 

The denominator term of Equation (22) differs from unity 
by less than 19% over the ranges of 0 I + 5 40 and 20 5 
e 5 40 deg. If such deviations are accepted, the rigorous 
relationship can be approximated by neglecting the deno- 
minator term to give 
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M = -  wR3 cot 0 sin3 ($42) tan $ (23) 3 

Equation (23) was used in turn by Saeman (1951), by Vahl 
and Kingma (1952) and by h e r s  and Croockewit 
(1952). A closer approximation of Equation (22) can be 
formulated by using the substitution 

2 tan (+/2) (24) 
tan $ 

41 + cos2 0 tan’+ 

which provides errors less than 4% over the ranges of + 
and e cited above. Substituting Equation (24) in Equation 
(22), we get 

(25) M = -  wR3 cot 0 sin3 (412) tan ($12) 
3 

Hogg and Austin (1974) have suggested that a multiplica- 
tive factor be included in the formula for mass flow to 
account for the fractional time that a particle spends 
locked into the cascading motion. Yet other corrections 
are called for when the thickness of the cascade layer is 
appreciable in comparison with the total bed depth, since 
both the filling angle 4 and the dynamic angle of repose 
8 are modified. If all the deviations from ideal flow are 
lumped into a single factor, Equation (25) becomes 

M = -  wyR3 cot 0 sin3 (4~/2) tan (+/2) 
3 

= 2K tan (+/2) sin3 (+/2) (26) 

Substituting the half-angle formula, we get 

1 - cos $ sin3(+/2) (27) 
1 + cos $ 

Rearranging, we get 

4K2sin6 - + M 2  (3 
From the geometry of Figure 3 

dh R 
dx 2 ($12 tan $ = - = - sin 

Combining Equations (28) and (29), we get 

(30) 
@ =  8KM sin2 (+/2) 
dx 

The boundary condition needed in the integration of 
Equation (30) may be obtained from Saeman’s observa- 
tion that $ must reduce to the static angle of repose at the 
exit end of the reactor; that is, $=@, at x=O, and from 
Equation (26) 

Integrating Equation (30) with boundary condition (31) 
provides an implicit solution for r#~(x) needed in the com- 
putation of F by Equation (20) or N via Equation (21): 

Figure 4. Geometry of particle trajectory. 

Coscode Volume 

As noted with reference to Figure 1, the solids cross 
section may be divided into two subregions associated in 
this model with plug flow and well-stirred cascade, res- 
pectively. The cascade region occupies the area between 
the chords AB and CD 

A~ = - [ -(4 - 2cos - lr) - sin 4 + 2r4-1 R2 rr 
(33) 2 180 

where r = [cos(4/2)+A/R]. By subtracting both the cas- 
cade area and the triangle AOB from the sector, one may 
find the area of the plug flow segment: 

The fractional volume in the cascade is the ratio of the 
areas: 

Particle Tmjectorier 

Individual particles are carried by the cylinder rotation 
to the surface of the solid layer from which point they 
assume either cascading or cataracting motion, depending 
on the speed of rotation. A generalization of this behavior 
is illustrated in Figure 4. The trajectory marked with ar- 
rows consists of a parabolic rise from the point of ejection 
to a maximum height, a parabolic fall to return to the solid 
surface, movement along the cascade surface and reentry 
into the bulk solid phase. As shown in Figure 4, the parti- 
cle is ejected into the gas phase perpendicular to the rad- 
ius of the cylinder at an angle to the horizontal 
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4 = 180 - 0 - (36) 2 
with initial velocity components 

v, = OR cos 5 (37) 

and 

v, = WR sin 6 

The time of travel from ejection to maximum height is 

(38) 

WR tl = - sin 5 
g 

(39) 

and the return from this height to the solid surface 
requires 

sin21 + 4[cos2{ tan 8 (tan 8 + tan 5)] (40) OR q 
t2 = 7 

Together, the particle has moved from its ejection point a 
distance of 

2 (oR)~cos~( (tan 0 + tan 6) 
g 

H = = - [  cos e 

At the point of return, the particle strikes the cascading 
layer with velocity of magnitude 

at an angle to the horizontal of 

8 = tan-'(2 tan 8+ tan 5) (43) 

The impact produces an initial velocity component along 
the cascade surface of magnitude w cos (8-8). This initial 
vector is augmented by the acceleration of gravity and 
simultaneously retarded by friction with the inclined 
plane of the cascade surface. The net result is movement 
through the distance (S-H) over the time interval ts, where 

1 
2 

w cos(S-@)t,+-g(sin 8-p cos 8)tt = S-H (44) 

Equation (44) provides an implicit solution for t3 for any 
distance S and H. 

At relatively low rotational speeds, the parabolic flight 
may take only a neglible time interval; however, the first 
term of Equation (44) must still be used to account for the 
initial velocity on the cascade. Under such conditions, 
tl=tZ=H=O, and the average velocity of a particle along 
the cascade is 

S 
v(2)  = - 

t3 
(45) 

depending only on the particle initial position expressed 
in terms of z ,  the fractional distance from point E to the 
wall along chord AB (Figure 1). At higher rotation rates, 
the averaging corresponding to Equation (45) would 
require the addition to numerator and denominator of the 
distances traveled along the parabolic arcs and their time 
intervals, respectively. At intermediate speeds of rotation, 
the parabolic arc will still be smaII, and the tatal distance 
traveled by a particle may be approximated by S. In this 
circumstance 

(46) 
S 

tl + t 2  + t3 
v(2) = 

SuHaee Renewal Rate 

Particles starting their cascade at different locations on 
the surface will follow different trajectories, since those 
that are initially close to the cylinder wall have larger 
initial velocities, proportional to their distances from the 
center of the cylinder. Moreover, the ensemble of parti- 
cles that sequentially start from a given location will 
each follow a different path as they are randomly buffeted 
in the cascade. The detailed distribution of velocities is 
therefore unknown; it is nevertheless possible to find 
bounds on the average renewal velocities. 

Because of the circular geometry of the cylinder cross 
section, the elements further from point E provide relati- 
vely greater contributions to the overall cascade as rota- 
tion sweeps out greater areas. The average velocity be- 
tween E and the wall is 

1 
A = 2 z v ( z )  dz (47) 

Consider the case of complete segregation among the 
particle paths: each particle follows a fixed circular path 
through the solid, slides along the surface on a line having 
midpoint E and reenters the solid mass on the identical 
circular path as before. This configuration calls for 

(48) 9 S = 2zR sin - 
2 

and gives an upper bound for A because it provides the 
longest set of paths on the cascade consistent with the 
fixed turnover time. An alternative case is that of maxi- 
mum mixedness in the cascade, where to preserve steady 
state each particle must travel the same distance along the 
cascade on each turnover, regardless of distance from E at 
any moment. In this circumstance 

(49) 4J S = R sin - 
2 

Figure 5. Schematic diagram of apparatus. 1. Rotary cylinder, 2. motor, 
3. variable speed contraller, 4. vibrator, 5. chute, 6. funnel, 7. support. 
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Figure 6. Residence time distribution: experimental points and best fit 
curve from model with 7 = 0.55 s, T* = 1.61 s, T~ = 1.37 s. 

and the average velocity A is a lower bound because the 
set of paths is cumulatively the shortest for a fixed turn- 
over time. 

When a value of A has been determined, the thickness 
of the cascade region can be estimated fiom 

where A, is obtained fiom Equations (33) and (34). 

EXPERIMENTAL 

To test the correlative ability of the model under study, tracer 
experiments were run on a bench scale rotary cylinder to deter- 
mine the residence time distribution of the particles fed. The 
equipment illustrated in Figure 5 was run at n = 20 rev/min and 
solid feed rate M = 300 cm3/min. 

The apparatus consists of a horizontal plastic cylinder of 10.1 
cm ID and 40.5 cm length, with inner wall covered with sand- 

Variable given 

Cylinder radius, cm 
Cylinder length, cm 
Solid feed rate, cm3/min 
Rotation speed, rev/min 
Dynamic angle, deg 
Static angle, deg 
Particle material 

Variable computed 

Geometric constant 
Dimensionless feed rate 

Solid bed angle at 

Average fill fraction 
Filled volume, cm3 
Average residence time, 

Average solid bed 
angle, deg 

Average surface 
renewal velocity cm/s 

Cascade volume fraction 
Breakthrough time, s 
RecycIe fraction 
Number of stages 
Bypass fraction 

of solids 

exit, deg 

S 

Symbol 

R 
L 
M 
n 
9 
fls 

to 
Q 
N 
a 

0 1 O A A  
0.6 0 . 8  1.0 1.2 1: 4 

& , Dimensionless Time 
Figure 7. Residence time distribution of Abouzied (1974). Reference 
curve is from same source based on dispersion model. Fit of this work is 

computed with T, = 0.340 s, 7z = 1.89 s, 73 = 1.76 s. 

paper to prevent slip of the rice particles used (2 mm diam. x 5 
mm length). The solid feed rate is controlled by an oscillator with 
adjustable vibrating frequency. The constriction at the entrance 
is variable, but the discharge end is not constricted. When steady 
state was achieved, the experimental data included the dynamic 
angle of repose for the particles, as well as the feed rate and 
cylinder holdup volume under the test conditions. 

An impulse input of 200 dyed particles was introduced and 
effluent samples were collected over 5 s intervals, 13 s apart. The 
impulse response was obtained by counting the dyed particles 
that emerged with each sample, and the resulting residence time 
distribution is presented as Figure 6. The circles and triangles 
are from duplicate runs needed to collect enough data for a 
smooth curve at the specified operating condition. It should 
be noted that the time scale of this figure has been normalized in 
the conventional manner by dividing by the average residence 
time To. 

TABLE 1. DETAILS OF CALCULATIONS 

Data available 
From this experiment From Abouzied (1974) 

5.08 
40.6 

300 
20 
35 
27 

Rice 

4.0 
24.0 
85.7 
42 
40 
32 

Dolomite 

Results obtained 
From this experiment From Abouzied data 

15,684 
0.153 

13,418 
0.0368 

20 57.0 

0.122 
400 
79.8 

0.190 
229 
167 

98 119 

10.5 23 

0.32 

0.01 

0.84 

54 

98 

0.28 

0.01 

0.93 

120 

353 
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The curve in Figure 6 is a best fit to the data. It was computed 
from Equation (13). which required numerical values ofN, P, Q 
and u. All but the last of these parameters were available from the 
model equations, but a was found by trial. The details of these 
calculations are given in Table 1, showing the links between the 
experimental data and the more general model development. 

DISCUSSION 

To evaluate the proposed model with data from an inde- 
pendent source, a separate test was performed on litera- 
ture data from Abouzeid (1974). Equation (16) was used to 
predict the average residence time for solids to be ex- 
pected from Abouzeid‘s experimental system. This calcu- 
lation gave 167 s as the average value, in very close agree- 
ment with Abouzeid’s experimental determination of 170 
s. In addition, the same data were used to estimate the 
four parameters of the new model presented here. For 
comparisoq, these computations are also summarized in 
Table 1, and the residence time distribution results are 
presented in Figure 7. The h+o curves in Figure 7 com- 
pare the data fits obtained with the model developed here 
and the conventional dispersion model. In this case, 
either model can correlate the data, but because the new 
model includes the details of the pattern of particle mo- 
tions, it provides a way to account for point to point varia- 
tions, especially if heats of reaction cause temperature 
inhomogeneities at any cross section. 

The results of the two studies differ in the number of 
mixing stages N but are quite close with regard to the 
other three modeling parameters P, Q and a, demonstrat- 
ing that the recycle and bypass characteristics of rotary 
reactors may be similar even when the number of effec- 
tive stages is different. The bypass fraction is large and the 
recycle ratio is virtually negligible in both studies, but 
these characteristics may be expected to vary with rota- 
tion speed and geometry. 
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NOTATION 

H 

k 
K 
L 
m 
M 
n 
N 
P 
Q 
R 

S 
S 

= fractional bypass in the cascading region 
= integrated average surface renewal velocity 
= cross-sectional area of the cascade region 
= cross-sectional area of the plug flow region 
= constant defined in Equation (9) 
= concentration at inlet to a mixing stage 
= concentration at extrance to the plug flow region 
= concentration at exit from the plug flow region 
= concentration at exit from the cascade region 
= concentration in effluent from mixing stage 
= concentration in effluent from the reactor 
= residence time distribution of solids 
= fraction of cylinder cross section filled by solids 
= average solid filled fraction 
= gravitational constant 
= transfer function 
= depth of solid bed 
= distance between ejection point and point of return to 

= index of summation in Equation (8) 
= constant defined in Equation (23) 
= total length of the rotary cylinder 
= index of summation in Equation (8) 
= volume flow rate of solids 
= speed of rotation 
= number of stages 
= volume fraction of cascade region 
= recycle ratio in each mixing stage 
= radius of the rotary cylinder 
= Laplace transform parameter 
= total distance of travel along cascading layer 

cascade 

t = time 
to 

tl 
t2 

2 
To 
u 
u 
u,uy 

V 
V, 
w 
z 
z 

= time of breakthrough in residence time distribution 

= time of travel from ejection to maximum height 
= time of travel from maximum height to return to cascade 
= time of travel for movement along the solid surface 
= average residence time through the cylinder 
= time for a single bed turnover 
= dummy time for integration 
= average surface renewal velocity for each particle 
= axial and vertical velocity component of the ejecting 

= total volume of the solid bed 
= total volume of the rotary cylinder 
= speed of the particle striking the solid surface 
= distance measured along the rotary cylinder 
= fractional distance from point E to the wall along chord 

experiment 

particle 

AB 

Greek Letters 

a = fractional conversion 
fl  
7 = timeconstant 

f 
+o 
5 
6 
e 
e, 
$J 

A 
o = angular rotation speed 

= inclination angle of the cylinder 

= coefficient of friction on the solid surface 
= angle of sector occupied with solids 
= average angle of sector occupied with solid 
= angle to the horizontal of the ejecting particle 
= angle to the horizontal of the striking particle 
= dynamic angle of repose 
= static angle of repose 
= angle of the solid surface relative to the axis of the 

= thickness of the cascading region 
cylinder 
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